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Introduction
The Bochner-Martinelli integral representation for holomorphic functions of several complex
variables appeared in the works of Martinelli (1938) and Bochner (1943). It was the ﬁrst es-
sentially multidimensional representation in which the integration takes place over the whole
boundary of the domain. This integral representation has a universal kernel (not depending on
the form of the domain), like the Cauchy kernel in C1. In 1957 Lu Qikeng and Zhong Tongde
considered the boundary values of the Bochner-Martinelli integral.
However, in Cn when n > 1, the Bochner-Martinelli kernel is harmonic, but not holomorphic.
For a long time, this circumstance prevented the wide application of the Bochner-Martinelli
integral in multidimensional complex analysis.
Interest in the Bochner-Martinelli representation grew in the 1970’s in connection with the in-
creased attention to integral methods in multidimensional complex analysis. Moreover, it turned
out that the very general Cauchy-Fantappie` representation found by Leray is easily obtained
from the Bochner-Martinelli representation (Khenkin). Koppelman’s representation for exterior
diﬀerential forms, which has the Bochner-Martinelli representation as a special case, appeared
at the same time.
The Cauchy-Fantappie` and Koppelman representations found signiﬁcant applications in mul-
tidimensional complex analysis: constructing good integral representations for holomorphic func-
tions, an explicit solution of the ∂-equation and estimates of this solution, uniform approximation
of holomorphic functions on compact sets, etc.
In sum, one may say that the Bochner-Martinelli formula gives the connection between com-
plex and harmonic analysis in Cn. This becomes especially apparent in the solution of the ∂-
Neumann problem: any function that is orthogonal to the holomorphic functions is the ∂-normal
derivative of a harmonic function.
1. The Bochner-Martinelli Integral
We consider n-dimensional complex space Cn with variables z = (z1, . . . , zn). If z and w
are points in Cn, then we write 〈z, w〉 = z1w1 + · · · + znwn, and |z| =
√
〈z, z¯〉, where z¯ =
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(z¯1, . . . , z¯n). The topology in C
n is given by the metric 〈z, w〉 7→ |z − w|. If z ∈ Cn, then
Re z = (Re z1, . . . ,Re zn) ∈ R
n, where we write Re zj = xj , and Im z = (Im z1, . . . , Im zn) with
Im zj = yj ; that is, zj = xj + iyj for j = 1, . . . , n. Thus C
n ≃ R2n. The orientation of Cn is
determined by the coordinate order (x1, . . . , xn, y1, . . . , yn). Accordingly, the volume form dv is
given by dv = dx1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dyn = dx ∧ dy = (i/2)
ndz ∧ dz¯ = (−i/2)ndz¯ ∧ dz.
As usual, a function f on an open set U ⊂ Cn belongs to the space Ck(U) if f is k times
continuously diﬀerentiable in U . If M is a closed set in Cn, then f belongs to Ck(M) when f
extends to some neighborhood U of M as a function of class Ck(U). We will also consider the
space Cr(U) (or Cr(M)) when r > 0 is not necessarily an integer. A function f belongs to Cr(U)
if it lies in the class C[r](U) (where [r] is the integral part of r), and all its derivatives of order
[r] satisfy a Ho¨lder condition on U with exponent r − [r].
The space O(U) consists of those functions f that are holomorphic on the open set U ; whenM
is a closed set, O(M) consists of those functions f that are holomorphic in some neighborhood of
M (a diﬀerent neighborhood for each function). A function f belongs to A(U) if f is holomorphic
in U and continuous on the closure U (that is, f ∈ O(U) ∩ C(U)).
A domain D in Cn has boundary of class Ck (we write ∂D ∈ Ck) if D = {z : ρ(z) < 0},
where ρ is a real-valued function of class Ck on some neighborhood of the closure of D, and the
diﬀerential dρ 6= 0 on ∂D. If k = 1, then we say that D is a domain with smooth boundary. We
will call the function ρ a defining function for the domain D. The orientation of the boundary
∂D is induced by the orientation of D.
By a domain with piecewise-smooth boundary ∂D we will understand a smooth polyhedron,
that is, a domain of the form D = {z : ρj(z) < 0, j = 1, . . . ,m}, where the real-valued functions
ρj are class C
1 in some neighborhood of the closure D, and for every set of distinct indices
j1, . . . , js we have dρj1 ∧· · ·∧dρjs 6= 0 on the set {z : ρj1(z) = · · · = ρjs(z) = 0}. It is well known
that Stokes’s formula holds for such domains D and surfaces ∂D.
We denote the ball of radius ε > 0 with center at the point z ∈ Cn by B(z, ε), and we denote
its boundary by S(z, ε) (that is, S(z, ε) = ∂B(z, ε)).
Consider the exterior diﬀerential form U(ζ, z) of type (n, n− 1) given by
U(ζ, z) =
(n− 1)!
(2πi)n
n∑
k=1
(−1)k−1
ζ¯k − z¯k
|ζ − z|2n
dζ¯[k] ∧ dζ,
where dζ¯[k] = dζ¯1 ∧ · · · ∧ dζ¯k−1 ∧ dζ¯k+1 ∧ · · · ∧ dζ¯n. The form U(ζ, z) clearly has coeﬃcients that
are harmonic in Cn \ {z}, and it is closed with respect to ζ.
Let g(ζ, z) be the fundamental solution to the Laplace equation:
g(ζ, z) =

−
(n− 2)!
(2πi)n
·
1
|ζ − z|2n−2
for n > 1,
1
2πi
ln |ζ − z|2 for n = 1.
Then
U(ζ, z) =
n∑
k=1
(−1)k−1
∂g
∂ζk
dζ¯[k] ∧ dζ = (−1)n−1∂ζg ∧
n∑
k=1
dζ¯[k] ∧ dζ[k],
where the operator ∂ =
n∑
k=1
(dζk)
(
∂
∂ζk
)
.
We will write the Laplace operator ∆ in the following form:
∆ =
n∑
k=1
∂2
∂ζk∂ζ¯k
=
1
4
n∑
k=1
(
∂2
∂x2k
+
∂2
∂y2k
)
.
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If ζk = xk + iyk, then
∂
∂ζk
=
1
2
(
∂
∂xk
− i
∂
∂yk
)
, and
∂
∂ζ¯k
=
∂
∂ζk
.
Theorem 1 (Bochner [3]; Martinelli [12]). If D is a bounded domain in Cn with piecewise-smooth
boundary, and f is a holomorphic function in D of class C(D). Then∫
∂D
f(ζ)U(ζ, z) =
{
f(z), if z ∈ D,
0, if z /∈ D.
(1)
Formula (1) was obtained by Martinelli, and then by Bochner independently and by diﬀerent
methods. It is the ﬁrst integral representation for holomorphic functions in Cn in which the
integration is carried out over the whole boundary of the domain. This formula is by now
classical and has found a place in many textbooks on multidimensional complex analysis.
Formula (1) reduces to Cauchy’s formula when n = 1, but in contrast to Cauchy’s formula,
the kernel in (1) is not holomorphic (in z and ζ) when n > 1. By splitting the kernel U(ζ, z)
into real and imaginary parts, it is easy to show that∫
∂D
f(ζ)U(ζ, z)
is the sum of a double-layer potential and a tangential derivative of a single-layer potential; con-
sequently, the Bochner-Martinelli integral inherits some of the properties of the Cauchy integral
and some of the properties of the double-layer potential. It diﬀers from the Cauchy integral in
not being a holomorphic function, and it diﬀers from the double-layer potential in having some-
what worse boundary behavior. At the same time, it establishes a connection between harmonic
and holomorphic functions in Cn when n > 1.
Let D be a bounded domain with piecewise-smooth boundary, and let f be a function in
C1(D). Denote
Mf(z) =
∫
∂D
f(ζ)U(ζ, z), z /∈ ∂D.
We shall write M+f(z) for z ∈ D and M−f(z) for z /∈ D.
Function Mf(z) is harmonic function for z /∈ ∂D and Mf(z)→ 0 as |z| → ∞.
Theorem 2. Under these conditions function M+f has a continuous extension on D, function
M−f has a continuous extension on Cn \D, and
M+f(z)−M−f(z) = f(z), z ∈ ∂D. (2)
Formula (2) is a simplest jump formula for the Bochner-Martinelli integral. There are exist
many jump theorems for diﬀerent classes of functions: for Ho¨lder functions [11], etc (see [6,
Chapter 1]).
Suppose n > 1, and D = {z : ρ(z) < 0} is a bounded domain in Cn with boundary of class C1,
where ρ is deﬁning function. If F ∈ C1(D), then denote ∂nF =
n∑
k=1
∂F
∂z¯k
ρk, where ρk =
∂ρ
∂zk
·
1
|∂ρ|
.
∂nF is ∂-normal derivative of function F .
Now consider the homogeneous ∂-Neumann problem{
∂nF = 0 on ∂D,
∆F = 0 in D.
(3)
It is clear that holomorphic functions F satisfy (3). We show that the converse is also true.
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Theorem 3 (Aronov, Kytmanov [2]). Let F be a harmonic function in D. The following
conditions are equivalent:
1. ∂nF = 0 on ∂D;
2. M+F = F in D;
3. M−F = 0 in Cn \D.
Theorem 4 (Folland, Kohn [5]; Aronov, Kytmanov [2]). Let F be a harmonic function in D of
class C1(D). The following conditions are equivalent:
1. ∂nF = 0 on ∂D;
2. M+F = F in D;
3. M−F = 0 in Cn \D;
4. F is holomorphic in D.
Theorem 5 (Kytmanov [6]). If M+f is holomorphic in D, f ∈ C1(∂D), and ∂D ∈ C1 is
connected, then the boundary value of M+f coincides with f .
It is clear that Theorem 5 is not true when n = 1. Also, it is not true if ∂D is not connected: it
suﬃces to set f = 1 on one connected component of ∂D and f = 0 on the remaining components.
Theorem 4 is proven for continuous functions F by Kytmanov and Aizenberg [7], for integrable
functions F by Romanov [13].
2. Functions with the Property of One-Dimensional
Holomorphic Continuation along Complex Lines
Consider complex lines lz,b of the form: lz,b = {ζ : ζk = zk + tbk, k = 1, . . . , n, t ∈ C}. The
point z ∈ Cn and the point b ∈ CPn−1 (b is deﬁned to within of multiplication on a complex
number λ 6= 0).
We write the Bochner-Martinelli kernel U(ζ, z) in variables t and b. We have |ζ−z|2 = |t|2|b|2.
Then dζ = dζ1 ∧ · · · ∧ dζn = (b1dt + tdb1) ∧ · · · ∧ (bndt + tdbn) = t
n−1
n∑
j=1
(−1)j−1bjdt ∧ db[j],
since db = db1 ∧ · · · ∧ dbn = 0 in CP
n−1.
In exactly the same way
n∑
k=1
(−1)k−1(ζ¯k − z¯k)dζ¯[k] = t¯
n−1
n∑
j=1
(−1)j−1b¯jdb¯[j]. From here we
have
Lemma 1. The Bochner-Martinelli kernel in variables t and b has the form
U(ζ, z) =
dt
t
∧ λ(b),
where
λ(b) =
(n− 1)!(−1)n−1
(2πi)n
n∑
j=1
(−1)j−1b¯jdb¯[j] ∧
n∑
j=1
(−1)j−1bjdb[j]
|b|2n
.
Let D be a bounded domain in Cn with smooth boundary. Give the following deﬁnition
(Stout, 1977). The function f ∈ C(∂D) has a property of one-dimensional holomorphic continu-
ation along complex lines if for any complex lines lz,b (meeting D) there exists a function Fz,b
with the following properties:
a) Fz,b ∈ C(D ∩ lz,b);
b) Fz,b = f on the set ∂D ∩ lz,b;
c) Fz,b is holomorphic in interior (with respect to topology of lz,b) points of the set D ∩ lz,b.
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Theorem 6 (Stout [14]). If ∂D ∈ C2 and a function f ∈ C(∂D) has a property of one-
dimensional holomorphic continuation along all complex lines then f has a holomorphic extension
into D as a function of several complex variables.
Proof. Consider the integral
M−f(z) =
∫
∂D
f(ζ)U(ζ, z), z /∈ D.
The Fubini theorem, Lemma 1 and the conditions of the theorem imply
M−f(z) =
∫
CPn−1
λ(b)
∫
∂D∩lz,b
f(ζ)
dt
t
= 0.
Applying Theorem 4 for continuous functions we have that M+f gives holomorphic extension of
f into D. 2
Problem 1 (Stout, 1991). Which families L of the complex lines are sufficient for holomorphic
extension?
A family L is sufficient for holomorphic extension if any function f ∈ C(∂D) with a property
of one-dimensional holomorphic continuation along complex lines lz,b ∈ L has a holomorphic
extension into D.
Consider the following family.
Let V be an open set in Cn. We denote
LV = {lz,b : lz,b ∩ V 6= ∅}.
If ∂D is connected and V ∩D = ∅ then LV is suﬃcient family since in this case M
−f = 0
in V then M−f = 0 outside D (by uniqueness theorem for harmonic functions).
Theorem 7 (Agranovski˘ı, Semenov [1]). Let ∂D be connected and an open set V ⊂ D. Then
LV is sufficient family for a holomorphic extension.
Remind that the smooth (of class C∞) manifold Γ is generic, if for any point z ∈ Γ the complex
linear span of a tangent space Tz(Γ) coincides with C
n. Denote LΓ the family of complex lines
meeting Γ.
Theorem 8 (Kytmanov, Myslivets [9]). Let Γ be a germ of generic manifold lying in Cn \ D
and let function f ∈ C(∂D) have a property of one-dimensional holomorphic continuation along
almost all complex lines from LΓ. Then there exists the function F ∈ C(D) which is holomorphic
in D and coinciding with function f on the boundary ∂D.
Proof. Consider the Bochner-Martinelli integral with function f :
F (z) =
∫
∂D
f(ζ)U(ζ, z), z /∈ ∂D,
where U(ζ, z) is the Bochner-Martinelli kernel.
Lemma 2. If for the point z ∈ Cn \D and for all complex lines meeting the point z function f
have a property of one-dimensional holomorphic continuation, then F (z) = 0 and all derivatives
of order α = (α1, . . . , αn)
∂αF
∂zα
(z) =
∂‖α‖F
∂zα11 · · · ∂z
αn
n
(z) = 0, z ∈ Γ,
where ‖α‖ = α1 + . . .+ αn.
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Let us Γ be the germ of generic manifold in в Cn \D, i.e. exists some open set W , in which
Γ is smooth generic manifold of class C∞. If function f have a property of one-dimensional
holomorphic continuation along complex lines from LΓ, the by Lemma 2 the Bochner-Martinelli
integral and all it derivatives in z vanish on Γ:
F |Γ = 0,
∂αF
∂zα
∣∣∣∣
Γ
= 0 for all multiindeceis α. (4)
The generic manifolds Γ by local byholomorphic map one can be transforms to the form
Γ :

v1 = h1(z1, . . . , zk, u1, . . . , um),
..............................................
vm = hm(z1, . . . , zk, u1, . . . , um),
(5)
where k +m = n, zj = xj + iyj , j = 1, . . . , k, ws = us + ivs, s = 1, . . . ,m. Moreover real-valued
vector-function h = (h1, . . . , hm) belongs to the class C
∞ in a neibourhood W of the point 0 and
holds the conditions
hp(0) = 0,
∂hp
∂xj
(0) =
∂hp
∂yj
(0) =
∂hp
∂us
(0) = 0, j, p = 1, . . . ,m, s = 1, . . . , k.
Since under byholomorphic map the derivatives in holomorphic variables transform in deriva-
tives in holomorphic variables the condition (4) one can rewrite in the form
F |Γ = 0,
∂α+βF
∂zα∂wβ
∣∣∣∣
Γ
= 0 for all multiindeces α, β. (6)
Lemma 3. If real analytic function F , given in neibourhood W of the set Γ satisfies the condi-
tions (6), then it vanishs in W .
We show that Bochner-Martinelli integral vanishs in the neighbourhood W . Since it real
analytic function and the complement Cn \D is connected, then F (z) ≡ 0 в Cn \D. Applying
Theorem 5 we get that function F is holomorphic in D and its boundary values coincides with
f on ∂D. 2
3. Singular Bochner-Martinelli Integral
We identify Cn with R2n under the complex structure zj = xj + ıxn+j , for j = 1, . . . , n.
We will consider a smooth hypersurface S in Cn \ {0} with a singular point at the origin
given by
S = {(ϕ(r)x, r) ∈ R2n : x ∈ X, r ∈ [0, R)}, (7)
where ϕ ∈ C1[0, R) satisﬁes ϕ(0) = 0 and ϕ(r) > 0 for r ∈ (0, R), and the point x =
(x1, . . . , x2n−1) varies over a smooth compact hypersurface X in R
2n−1 which does not meet
0.
For instance, X may be a (2n− 2) -dimensional sphere with centre at the origin. In any case
we assume that X = {x ∈ R2n−1 : ρ(x) = 1}, where ρ is a C1 function on R2n−1 \ {0} with real
values, satisfying ∇ρ 6= 0 on X and ρ(λx) = λhρ(x) for all λ > 0 with some h > 0.
The origin is a singular point of S, for ϕ′(0) <∞. If ϕ′(0) 6= 0 then 0 is a conical point of S.
In the case ϕ′(0) = 0 the point 0 is a cusp.
Using (7) it is easy to determine a deﬁning function of the smooth part of S. Indeed, write
ρ(x) = ρ(z′, xn), where z
′ = (z1, . . . , zn−1). Then z ∈ S \ {0} readily implies
ρ
( z′
ϕ(Im zn)
,
Re zn
ϕ(Im zn)
)
= 1,
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and so the homogeneity of ρ yields S = {z ∈ Cn : Im zn ∈ [0, R), ̺(z) = 0}, with ̺(z) =
ρ(z′,Re zn)− (ϕ(Im zn))
h.
Given an integrable function f with compact support on S, the singular Bochner-Martinelli
integral of f is deﬁned by
MSf (z) = p.v.
∫
S
f(ζ)U(ζ, z)
for z ∈ S, where
U(ζ, z) =
(n− 1)!
(2πı)n
n∑
j=1
(−1)j−1
ζ¯j − z¯j
|ζ − z|2n
dζ¯[j] ∧ dζ
and dζ = dζ1 ∧ . . .∧dζn, while dζ¯[j] is the wedge product of all diﬀerentials dζ¯1, . . . , dζ¯n but dζ¯j .
In the sequel, we drop the designation "p.v." for short.
The properties of the Bochner-Martinelli singular integral operator on smooth hypersurfaces
are well understood. We are aimed at investigating this operator on hypersurfaces with isolated
singular points. Since MSf is smooth away from the support of f , one can certainly assume
without loss of generality that S is of the form (7).
We ﬁrst represent U(ζ, z) in the local coordinates of S close to a singular point. Set
ν(y) =
∇yρ
|∇yρ|
,
for y ∈ X, and ν2n(y, s) = −h
ϕ′(s)
|∇yρ|
.
Lemma 4. The restriction of the Bochner-Martinelli kernel to the hypersurface S has the form
U(ζ, z) =
1
σ2n
〈(ν(y), ν2n(y, s)), (ϕ(s)y − ϕ(r)x, s− r)〉
(|ϕ(s)y − ϕ(r)x|2 + (s− r)2)n
(ϕ(s))2n−2ds dσ(y)−
−ı
1
σ2n
〈ıνc(y, s), (ϕ(s)y − ϕ(r)x, s− r)〉
(|ϕ(s)y − ϕ(r)x|2 + (s− r)2)n
(ϕ(s))2n−2ds dσ(y),
where dσ is the area form on X induced by the Lebesgue measure in R2n, σ2n the area of the
(2n− 1) -dimensional sphere, and ıνc = (−νn+1, . . . ,−ν2n, ν1, . . . , νn).
The vector ıνc indicates to what extent the surface S ﬁts to the complex structure of C
n.
The only point remaining concerns the surface measure on S which is the subject of the
lemma below.
Lemma 5. The surface measure on S induced by the Lebesgue measure in R2n is given by
dΣ = (ϕ(s))2n−2
√
1 + h2
( ϕ′(s)
|∇yρ|
)2
ds dσ(y),
where dσ is the area form on X.
Lemma 4 applies in particular to conical hypersurfaces S ⊂ Rn, in which case ϕ(r) = r and
ϕ′(r) = 1.
From now on, we restrict our discussion to hypersurfaces S ⊂ Rn with conical points.
Let D be a bounded domain in Cn, with n > 1. The boundary of D is assumed to be of
the form Y ∪ (S1 ∪ . . . ∪ SN ), where Y is a smooth hypersurface and each Sν is diﬀeomorphic
to a conical hypersurface S as above. Thus, ∂D is a smooth hypersurface with a ﬁnite number
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of conical points. Since the analysis at singular points is local, one can assume without loss of
generality that N = 1, i.e., ∂D = Y ∪ S where
S = {z ∈ Cn : z = (rx, r), x ∈ X, r ∈ [0, R)},
cf. (7).
For a function f ∈ Ccomp(∂D \ {0}) we deﬁne the norm
‖f‖L2,γ(∂D) :=
( ∫
∂D
|z|−2γ |f |2 dΣ
)1/2
, (8)
where γ ∈ R. Denote by L2,γ(∂D) the completion of Ccomp(∂D \ {0}) with respect to this norm.
It is clear that the weight factor |z|−2γ aﬀects the behaviour of functions in L2,γ(∂D) merely
at the conical point 0.
According to ∂D = Y ∪ S, the norm (8) can be splitted into two seminorms. The ﬁrst
of the two corresponds to integration over ∂D \ S and controls the behaviour of functions on
the smooth part of the boundary. The second seminorm corresponds to integration over S and
speciﬁes the behaviour of functions close to the singular points. Under the parametrisation (7),
the hypersurface S is identiﬁed with the cylinder X× [0, R). In this manner the second seminorm
actually stems from the norm
‖f‖L2,γ−n+1/2(X×[0,R)) :=
( R∫
0
r−2(γ−n+1/2) ‖f‖2L2(X)
dr
r
)1/2
on functions f ∈ Ccomp(X × (0, R)), which is clear from Lemma 5.
Introduce a function k(x, y; t) deﬁned for (x, y) ∈ X ×X and t > 0 by the equality
k(x, y; t) =
=
1
σ2n
〈(ν(y), ν2n(y)), (y − tx, 1− t)〉
(|y − tx|2 + (1− t)2)n
−
ı
σ2n
〈ıνc(y), (y − tx, 1− t)〉
(|y − tx|2 + (1− t)2)n
.
Using this kernel, we can rewrite the singular Bochner-Martinelli integral in the form
MSf (x, r) =
∞∫
0
ds
s
∫
X
k
(
x, y;
r
s
)
f(y, s) dσ(y), (9)
where (x, r) and (y, s) are identiﬁed with z = (rx, r) and ζ = (sy, s), respectively. Note that the
integral over X is singular, for k(x, y; r/s) has a singularity at y = x provided s = r.
Theorem 9 (Kytmanov, Myslivets [8]). Integral (9) induces a bounded linear operator in
L2,γ(X × [0, R)) provided 1− 2n < γ < 0.
Let ϕ be an arbitrary smooth function on ∂D which is supported in S and equal to 1 in
a neighbourhood of the vertex. Pick a smooth function ψ with a larger compact support in S
which is equal to 1 on the support of ϕ. Such a function ψ is called covering for ϕ.
Corollary 1. The singular Bochner-Martinelli integral ϕMSψ induces a bounded linear operator
in L2,γ(∂D) provided |γ| < n− 1/2.
Denote byMr 7→λ the Mellin transform deﬁned on functions f(r) on the semi-axis. It is given
by
Mr 7→λf =
∞∫
0
r−ıλf(r)
dr
r
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for λ ∈ C.
Composing the singular Bochner-Martinelli operator (9) with the Mellin transform yields
Mr 7→λMSf(x, r) =
∞∫
0
r−ıλ
dr
r
∞∫
0
ds
s
∫
X
k
(
x, y;
r
s
)
f(y, s) dσ(y) =
=
∞∫
0
ds
s
∫
X
( ∞∫
0
r−ıλ k
(
x, y;
r
s
)dr
r
)
f(y, s) dσ(y)
where (x, r) and (y, s) are identiﬁed with the points z = (rx, r) and ζ = (sy, s) of S, respectively.
In the integral over r ∈ (0,∞) we change the variables by r = st, where t runs over (0,∞).
This gives
Mr 7→λMSf(x, r) =
∞∫
0
s−ıλ
ds
s
∫
X
( ∞∫
0
t−ıλ k(x, y; t)
dt
t
)
f(y, s) dσ(y) =
=
∫
X
Mt7→λk(x, y; t)Ms 7→λf(y, s) dσ(y)
for x ∈ X and λ ∈ C. It follows that
MSf(r) =M
−1
λ7→ra(λ)Mr′ 7→λf(r
′), (10)
where f(r) := f(x, r) is thought of as a function of r ∈ (0,∞) with values in functions of x ∈ X,
and a(λ) is a family of singular integral operators on X parametrised by λ varying on a horizontal
line in the complex plane. The action of a(λ) is speciﬁed by
a(λ)f(x) =
∫
X
Mt7→λk(x, y; t) f(y) dσ(y).
The family a(λ) is usually referred to as the conormal symbol of the pseudodiﬀerential op-
erator (9) based on the Mellin transform. To evaluate it more explicitly, we denote by Z the
unique root of 〈y − tx, y − tx〉+ (1− t)2 = 0 in the upper half-plane, i.e.,
Z =
1 + 〈x, y〉+ ı
√
|y − x|2 + |x|2|y|2 − 〈x, y〉2
1 + |x|2
. (11)
Lemma 6. In the strip 0 < Imλ < 2n− 1, the Mellin transform of k(x, y; t) has the form
Mt7→λk(x, y; t) =
= πı
(−1)n−1
(n− 1)!
expπλ
sinhπλ
n−1∑
j=0
(2n− 2− j)!
j! (n− 1− j)!
(ıλ+ 1)(ıλ+ 2) . . . (ıλ+ j − 1)×
×
((ıλ+ j)A− ıλZB)Z−ıλ−j−1 + (−1)j−1((ıλ+ j)A− ıλZ¯B)Z¯−ıλ−j−1
(1 + |x|2)n (Z − Z¯)2n−1−j
,
where
A =
1
σ2n
〈(ν(y), ν2n(y)), (y, 1)〉 −
ı
σ2n
〈ıνc(y), (y, 1)〉,
B =
1
σ2n
〈(ν(y), ν2n(y)), (x, 1)〉 −
ı
σ2n
〈ıνc(y), (x, 1)〉.
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We are now in a position to specify the inverse Mellin transform in the representation formula
(10).
Theorem 10 (Kytmanov, Myslivets [8,10]). For |γ| < n− 1/2 the singular Bochner-Martinelli
integral admits the representation
MSf (r) =
1
2π
∫
Imλ=(n−1/2)−γ
rıλa(λ)Mr′ 7→λf(r
′) dλ. (12)
Proof. By Lemma 6, the conormal symbol a(λ) of MS is well deﬁned and holomorphic in the
strip 0 < Imλ < 2n − 1. Hence, we may apply the inverse Mellin transform in this strip, as
desired.
Let |γ| < n−1/2. Pick a smooth positive function w on ∂D\{0}, such that w = r−γ close to
0. The action ofMS in L
2,γ(∂D) is unitary equivalent to the action of w−1MSw in L
2(∂D). This
latter operator in turn diﬀer from the action of MS in L
2(∂D) by a compact operator. Hence, it
suﬃces to study the algebra generated by the operator MS in L
2(∂D).
Denote by A = A(C(∂D),MS) the C
∗ -algebra generated by the Bochner-Martinelli integral
MS , its adjoint operator M
∗
S , and by all multiplication operators aI with a ∈ C(∂D).
Theorem 11 (Kytmanov, Myslivets [8]). If D is a domain with connected boundary, then the
C∗ -algebra A is irreducible.
Proof. In order to prove the irreducibility of the algebra A it is suﬃcient to show that A has no
nonzero invariant subspaces in L2(∂D).
Consider the subalgebra C = {aI : a ∈ C(∂D)} of A generated by all multiplication operators
with a ∈ C(∂D). Our objective is to show that each invariant subspace of this subalgebra has
the form L2σ(∂D) := {χσf : f ∈ L
2(∂D)}, where χσ is the characteristic function of some
measurable subset σ ⊂ ∂D. Indeed, let Σ be an invariant subspace of the subalgebra C, and let
P : L2(∂D)→ Σ be the orthogonal projection.
Lemma 7. Suppose A is an arbitrary C∗ -algebra in the algebra L(H) of all continuous linear
operators in a Hilbert space H. If Σ is an invariant subspace of A and P : H → Σ the orthogonal
projection, then P commutes with all operators of the algebra A.
Theorem 12 (Kytmanov, Myslivets [8]). The algebra K ⊂ A, where K is the ideal of compact
operators in the Hilbert space L2(∂D).
Corollary 2. The Calkin algebra Â = A/K of the algebra A is well defined.
In contrast to the case of smooth S, where the Calkin algebra is isomorphic to the algebra of
continuous functions on the cosphere bundle S∗S, the algebra Â is not commutative under the
presence of conical points. Hence the familiar theorem of Gelfand-Naimark is not applicable.
The operator MS is no longer essentially selfadjoint if S has point singularities, unless n = 1.
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Некоторые приложения интеграла Бохнера-Мартинелли
Александр М.Кытманов
Формула Бохнера-Мартинелли дает связь между комплексным и гармоническим анализом в Cn.
Это становится особенно ясным в решении ∂-задачи Неймана: любая функция, ортогональная
голоморфным функциям, является ∂-нормальной производной гармонической функции.
Ключевые слова: формула Бохнера-Мартинелли, голоморфная функция, голоморфное продолже-
ние, функции с одномерным свойством голоморфного продолжения.
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